Abstract. This article is an expansion of G. E. Forsythe's paper "Von Neumann's comparison method for random sampling from the normal and other distributions" [5]. It is shown that Forsythe's method for the normal distribution can be adjusted so that the average number Ñ of uniform deviates required drops to 2.53947 in spite of a shorter program. In a further series of algorithms, Ñ is reduced to values close to 1 at the expense of larger tables. Extensive computational experience is reported which indicates that the new methods compare extremely well with known sampling algorithms for the normal distribution.
1. Introduction. This article was originally intended to be a joint paper of G. E. Forsythe and the authors. It grew out of discussions following a presentation of [2] and [4] at Stanford in October 1971. The latter paper stimulated Forsythe to modify J. von Neumann's classical method for the generation of exponential variables (in [9] ). In the resulting Stanford report, a surprisingly general sampling algorithm was presented whose specialization to the normal distribution was then programmed by the authors and subsequently modified. Professor Forsythe was enthusiastic about the alternative versions and proposed to write a comprehensive joint paper. His untimely death has rendered this project impossible. Instead, the Stanford report has been submitted separately (as [5] ), and the present paper is dedicated to Forsythe's memory. Its main purpose is to remove all objections to the practical applicability of the method in [5] which in its original form required too many samples from the uniform distribution.
The paper starts with a restatement of Forsythe's generalization of von Neumann's comparison method. A neater proof is given for the validity of the approach. The calculation of the expected number Ñ of uniform deviates required is also done in a shorter way. Subsequently, this quantity Ñ is considered in more detail for the special case of the normal distribution. It is shown that A? may be decreased by means of suitable subdivisions of the range [0, <» ).
In the central part (Sections 4 and 5), Forsythe's special algorithm for the normal distribution (called FS) is embedded in a series of sampling procedures which range from the table-free center-tail method (CT) through an improvement of FS (called FT) to algorithms that require longer tables (FL). For the transition from FT to FL, a couple of new ideas are added to the basic approach. One of these has recently been found independently by Richard Brent.
In Section 6 computational experience is reported including a comparison of CT, FS, FT and the algorithms of type FL with the most efficient previously known sampling methods for the normal distribution. The new procedures compare very well in terms of computation times and memory requirements. In the series FL, it is possible to reduce the number A" of uniform variâtes required to any desired value above 1 at the expense of longer tables. As a reasonable compromise between speed, size of Ñ and program length, the special algorithm FL5 may be recommended. It needs 136 tabulated constants for 14-decimal accuracy-they are all listed in two tables. The low value of A7 = 1.23156 ensures that it remains a superior method no matter what procedure is used for the generation of the required uniform variâtes.
2. Forsythe's Method. G. E. Forsythe's generalization of J. von Neumann's method creates random samples in an interval [a, b) from any probability density function of the form
where a is a constant. The procedure is defined as follows: Method FO (Forsythe, sampling from an interval).
1. Generate a sample u from the uniform distribution between zero and one. Set x <-a + (b -a)u (x is uniformly distributed between a and b).
Calculate t «-G(x).
3. Generate a sequence of independent samples w,, u2, ■■■ , uk from the uniform distribution in [0, 1) where k is determined by the condition t ^ «i è • • • à w*-i < uk. (Ift < uu then k = 1.) Ifk is even, reject x and go back to 1. Ifk is odd, return x as a sample from (1) .
The validity of FO will follow easily from a simple lemma. Lemma. Let t be a given number in [0, 1). Generate independent [0, \)-uniform variâtes «,, • • • , uk. k is determined by the condition í "> m, ~> • • • g «t_, < uk(k = 1 ift < m,). Then (a) The probability of k being an odd number is P(t) = e~'. (b) The expected value of k, no matter whether k is odd or even, amounts to E(t) = e''. Proof of (a). When u¡ ig t, the event that the sequence terminates with k odd and the event that u¡ has an odd number of successors (k even) are mutually exclusive. Hence P(t)+ [ P(U¡)du, = 1.
•'0
It follows that P(0) = 1 and P'(t) = -P(t) leaving P(t) = e~' as the only possible solution.
Proof of (b). The expected value of k is equal to 1 plus the expected value E(u,)
if «! g t. Hence,
It follows that £(0) = 1 and E'(t) = E(t), and finally £(/) = e'.
The Lemma is now applied to the sequence t = G(x) £ üi "g • • • è «*-i < «* where x = a + (b -a)u and all the u and w, are [0, l)-uniformly distributed. Part (a) yields that the probability of k being odd is P(k odd) = --f e-OU) ds.
b -a Ja P(k odd) "i e~l since G(x) ^ 1; hence the process always terminates. The probability density function of x is given by (1) where a is determined as a'1 = J* e~au) ds. Part (b) of the Lemma allows to calculate the expected number Ñ of uniform random numbers u, u¡ (i = 1,2, • • • ) needed for the generation of one accepted sample x = a + (b -a)u.
3. The Normal Distribution. As in [5] , the general algorithm FO is applied to the normal distribution. After the initial determination of a random sign, it is sufficient to consider the positive half of the distribution function whose density is
The range [0, ») has to be split into finite intervals [a,, a,+1), and the function G(x)
is defined as (3) G(x) = %(x3 -a2) = (w/2 + ajw where w = # -a,-for * E [a¡, a, + ,).
The numbers ai+1 are subject to the condition G(x) g 1 which means
It is desirable to keep the expected number A^ of uniform variâtes required small. Ñ is now calculated for a fixed interval [a, a + d) according to (2) : 
Consequently, A? will be close to 2 if a" is small. If d attains its maximum d = -a + (a2 + 2)'/2 äj 1/a which is determined by the
This follows also from Eq. (5):
Hence, a large value of d has to be avoided.
Existing Algorithms for the Normal Distribution.
Algorithm CT (Center-Tail Method, Dieter/Ahrens). The formal description is given in [4] . Here it is merely pointed out that the 'center' part of CT is precisely the general algorithm FO applied to the interval [0, y/2). According to (4), a2 = -\/2 is in fact the maximum interval size for a, = 0 covering 84.27% of the total area under the normal curve. The 'tail' x 2: \/2 is handled by a totally different approach that goes back to an idea of G. Marsaglia [7] .
The center-tail algorithm is table-free and relatively short. On the other hand, the expected number A' of uniform variâtes required is rather large: .V = 4.87889 per completed sample.
The second sampling procedure is Forsythe's original method. Algorithm FS. The formal description is given in [5] . The authors' test program for a CDC 6400 system contained only the tables (i) and (iii) (forming the differences of (ii) from the square roots in (i) did not result in any measurable decrease in speed). The high accuracy (14 digits) of the machine required 32 entries in both (i) and (iii) (an IBM 360/370 computer would be satisfied with 16 entries each).
The expected number Ñ of uniform variâtes per sample as stated in [5] is Ñ = 4.03585. This was verified on the basis of (2). 5 . New Algorithms for the Normal Distribution.
The remaining two algorithms are improvements on FS. A different choice of intervals is all that is required both to shorten the computer program and to increase its speed. For this, the consecutive intervals [a, b) are determined such that the areas under ¡p(x) belonging to these intervals become \, \, \, x\, etc. In other words, if $(*) = |" (2/r)l/Y*'/2 dz then the interval boundaries are now defined as
It has to be shown that this special selection is legitimate by verifying condition (4). An accurate proof may be based on the asymptotic expansion
in which the error is always smaller in absolute value than the first neglected term. The tedious but straightforward precise bounding is left to the reader. In the following formal description of the new algorithm (FT), it is assumed that the interval lengths (9) d, = a'i+i -a'i = $"'(2"') -#_1(2~,+1) are tabulated. These are the only constants required, they are listed as Table 1 in this section. In order to achieve the full accuracy of the computer in hand, ; must run from 1 to B -1 where B is the number of bits used by the uniform random number generator (B = 48 for a CDC 6400 computer). (In the description below, 'generate u (or u*) indicates taking a sample from the uniform distribution in [0, 1); in the case of several generations, the samples are supposed to be independent.) Algorithm FT (Forsythe, modified) .
Although the determination of the sign s and subsequent shifts deprive the variable u of two or more of its front bits, this does not constitute a noticeable loss of accuracy. The information gained (sign and interval) is equal to the number of bits expanded in steps 1 and 2. Only the one bit which is shifted out in step 4 is really lost.
The relatively smaller intervals in FT further reduce the expected number Ñ of uniform variâtes per sample which is obviously FT is shorter than FS in terms of memory requirements, but for an even faster algorithm, the program length has to be increased again. The last method (FL) is an attempt to improve speed and minimize Ar at the expense of relatively long tables inside the program. It is developed from FT in two steps.
Step I. The subdivision of the range 0 ^ x < °° into intervals is made finer. split increases the probability that acceptance in FO is rapid (that k = 1). However, no matter how small the intervals, FO still requires at least two uniform deviates (cf. (6)). In order to decrease Ñ below 2, a second idea is needed:
Step II. If the maximum possible value /majt of t in step 5 of FT is small then x will usually be accepted as soon as step 6 is used for the first time (case k = 1).
In particular, if u* in step 6 is greater than imax, acceptance does not depend on the size of w. This allows us to dispense with u* with a probability of 1 -imax by modifying the general method FO as follows:
Method FO* (modified sampling from an interval). 1. Generate u*. Let L« be the maximum of G(x) in [a, b). 
It remains to build
Step I and
Step II into an easily programmable algorithm (FL) for the standard normal distribution. In the formal description below, it is assumed that the following quantities are tabulated (the new three types of constants (ii)-(v) are listed in Table 2 for the special case m = 5):
(i) The (tail) interval lengths d, as defined in (9) for / = m + 1, m + 2, ■ • ■ , B -1 (they are contained in Table 1 ). Steps 2-8 below constitute an adaptation of FO* to the 2m~l center intervals. Steps 9-16 merely copy the old method (FT) for the tail since there the modification FO* would be too expensive in terms of table space and not very efficient.
Algorithm FL (long-table method). (14) #= 2-2¿I Ñ*+ ¿2-À7,
where the tail-interval averages A^ are again calculated according to (5) and the center-interval averages Ñ*{ are determined by (12).
As the number 2m of center intervals increases, the number Ar of uniform deviates decreases towards 1 (see (13) AU these methods compare well with older procedures. For instance, generating two normal deviates xu x2, from two independent uniform variâtes uu u2 according to Xx 4-(-2 In tO"2 sin (2ir«2), and x2 <-(-2 In utf'2 cos (2tu2) (Box-Muller [3] ) took 2 X 247 /¿sec on the CDC 6400 computer. The so-called modified polar method, as defined in [2] , needs 56 words and 90 itsec; it is therefore weaker than the center-tail algorithm and certainly inferior to FT. The three examples of FL compare well with the Taylor series method in [2] which requires 154 words (53 + 101 for tables) and 56 ttsec.
The only known method which is a little faster than FL5 and FL6 is Marsaglia's rectangle-wedge-tail algorithm (described in [6] , [8] , and [2] ). It was not programmed for the CDC 6400 but, on the basis of experience on another machine, an estimate of 44 ± 2 /usée and 300-400 words can be made. Nevertheless FL remains fully competitive for three reasons.
First of all, FL is easier to describe because it is homogeneous. Second, FL does not suffer from the loss of accuracy (~8 bits) in the main case of Marsaglia's algorithm. Finally, FL yields a choice of methods and permits to decrease Ñ towards 1, whereas the rectangle-wedge-tail algorithm could be modified in this direction only at some further loss of accuracy. Small Ñ are important if in the future more complex (and therefore slower) generators for uniform variâtes are preferred.
Neither the quantity Ñ nor the observed computation times and memory requirements on one particular machine can determine the value of a method completely. The reader is referred to [2] for a comparison of some competing algorithms for the normal distribution. There an IBM 360/50 as well as a CDC 6400 computer were used for the trials. The relative performances proved similar in this case, but there will still be machines with different preferences on account of different hardware characteristics. New assessments will certainly be required for future systems which have large-scale parallel arithmetic.
Nevertheless, it can be said at this time that George E. Forsythe's approach to sampling from the normal distribution has produced excellent and accurate methods that range from short medium-speed algorithms to longer and very fast sampling procedures. 
